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Fig. 14 Load-displacement of
point of attachment after 10%

cable strain.
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Figure 14 shows the generalized load vs displacement curve
obtained by plotting corresponding values of W/WQ vs w/b0.
Figure 15 shows the original shape of the catenary curtain
and its shape after straining, for the three loading conditions
calculated. These curves are plotted from the relations
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Fig. 15 Change in shape due to 10% cable strain.
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Case-Bounded Elastic-Plastic and Nonlinear Elastic Hollow
Cylinders

M. BIENIEK,* M. SHINOZUKA,! AND A. M. FREUDENTHAL{
Columbia University, New York, N. Y.

An elastically case-bonded hollow cylinder of infinite length, the mechanical response of
which is perfectly elastic-plastic or nonlinearly elastic, is considered. For a perfectly elastic-
plastic cylinder with the Tresca yield condition and its associated flow rule, W. T. Koiter's
solution is extended to the problem of the cylinder contained in an elastic shell; the effect of
the shell on the stresses is demonstrated with numerical examples. The same problem is
solved for a nonlinear elastic cylinder, the second invariants J and / of the stress and strain
deviator of which are assumed to have a relation / = 4(G — gl)^!., G and g being material con-
stants; incompressibility is introduced to make the analysis simple. The critical state is de-
fined in such a way that failure occurs at the point where / reaches a critical value Jcr. Com-
parison of the stresses in the elastic-plastic and in the nonlinear elastic cylinder for the inner
surface of the cylinder reaching the critical condition shows little difference, at least for the
specific values of parameters chosen for computation.

1. Introduction

THE present investigation deals with an ideally elastic-
plastic and a nonlinearly elastic hollow cylinder of infinite

length enclosed in an elastic shell and subject to an internal
pressure. The nonlinearities assumed are intended to re-
flect approximately the mechanical response of the solid
propellant material.

In the first part, the plane strain problem of an elastically
compressible and plastically incompressible elastic-plastic
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hollow cylinder contained in an elastic shell subject to an
internal pressure is considered. Little attention has been
paid to this problem so far, although the same problem with-
out elastic shell has been solved under various yield condi-
tions and stress-strain relations.

For a perfectly plastic material, the component e»,- of the
(total) strain can be written as the sum of the components
of the elastic and the plastic strains, eaE and eap:

The incompressibility of the plastic deformation

to" = 0 (2)

is assumed; the usual convention of summation over repeated
subscripts is adopted.
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€HE is related to the stresses in accordance with the elastic
stress-strain relation:

o-kk = 3Kekk
E = 3Kekk *,,• = 2Ge^ (3)

or, in case the material is also elastically incompressible,

ekk
E = ekk = 0 an = 2Geu* (3')

where o-,-/, s»/, and e^E denote the components of the stress
tensor, of the stress deviator, and of the elastic strain deviator,
respectively; K is the bulk modulus, and Gis the shear modu-
lus.

The components of the plastic strain rate, associated with
the yield condition/(o-,-,-) = 0, are given by

(4)
/) = o

and tif = 0 if/(0-,-y) < 0 or if /(0-,-y) = 0 and/(o-,-y) < 0
where X is a positive parameter and dots denote differentia-
tion with respect to some parameter that is a monotonically
increasing function of time.

For the Tresca yield condition, /(o^y) is of the form1

= 0

with

(5)

4/1,4 = [(0-2 - o-3)2 - 4&2]

4/2,5 = [(0-3 - CTi)2 - 4&2]

4/3,6 = [(0-1 - <72)2 - 4&2]

where cri, o-2, and as are the principal stresses, and k is the
yield stress in pure shear.

The following relations associated with the Tresca yield
condition therefore are obtained from Eqs. (4) and (5) :

e;p:e2
p:e3

p = 1:0: — 1 if 01 — 0-3 = 2k and 61 — 63 = 0

eip = e2
p = e3

p = 0 if oi — 0-3 = 2& and 0i - 63 < 0 (6)

of if <TI — 03 < 2&

where it is assumed that 01 > o-2 > 0-3.
Koiter2 applied Eqs. (1-3 and 6) to the problem of an in-

finite elastic-plastic hollow cylinder (plane strain) under
internal pressure, obtaining a closed-form solution of con-
siderable simplicity. In the first part of the present investi-
gation, the same assumptions are shown to produce a closed-
form solution to the plane strain problem of an elastic-plastic
hollow cylinder contained in an elastic shell subject to internal
pressure; the effect of the elastic shell on the stresses and
strains in the cylinder is discussed with the aid of numerical
examples. In the second part, the incompressible elastic
cylinder of more general nonlinearity with respect to the
deviatoric stress and strain relation (referred to as nonlinear
elastic)

ekk = 0 si} = 2(G - gl")e<j (7)
is discussed under the assumption that the material fails
when / reaches a critical value 7cr, where I is the second in-
variant of strain deviation

I = -J- etjCij (8)
and G and g are material constants.

2. Elastic-Plastic Solution

The equation of equilibrium
rov,r <rr - 0-0 = 0 (9)

is satisfied automatically if the stress function </> is introduced
so that <rr = <$>/r and <ro = <t>,r, where ar and GQ are the radial
and tangential stresses in a cylindrical coordinate system,
and 0v,r and 0>r indicate differentiations of ar and </> with
respect to the radius r, respectively. (This convention is
used throughout.)

In the region where the yield condition /(a»y) = 0 has not
been attained, the plastic strain e,-yp = 0. The radial dis-
placement u therefore is related to the stresses in the form

E<U,r = (1 - V*

Eu/r = (1 - zA
(1 - v*)<fr/r

- V(l + V)(7r =
p'r (10)

considering the strain-displacement relation

6r = u,r ee = u/r (11)

and the elastic stress-strain relations in their usual form,
where er and ee are the (total) radial and tangential strain,
respectively, E is the Young's modulus, and v is the Poisson
ratio.

The displacement u is eliminated from Eqs. (10), resulting
in the differential equation for the stress function

= 0 (12)

which has the solution <t> = Ar + B/r, where A and B are
arbitrary constants. Hence the stresses are

0> = A + £/r2 = A - B/r* <rz = 2vA (13)

where crz is the axial stress.
The equilibrium of the elastic shell requires the relation

between the shell stress <rc and the radial stress in the cylinder
crr]r=6 at the interface between the cylinder and the shell,
while ac is in turn related to the strain of the cylinder ee]r=b at
this interface by the relation

0-e = {Ec/(I - ?c (15)
since ee]r=b is identical to the shell strain ec; h is the thickness
of the shell, b the outer radius of the hollow cylinder, and Ec
and ve are Young's modulus and the Poisson ratio of the shell,
respectively.

The material remains elastic in the region r > r0 and is
plastic in the region r ^ r0, where r0 denotes the position of the
elastic-plastic boundary.

The Tresca yield condition at the boundary r = rQ,

when the inequality
(TO — 0v = 2k

ere

(16)

(17)
is assumed.

Equations (14) and (16) are used to determine two con-
stants A and B in Eq. (13) in terms of the unknown crc:

A = (/br0
2 - bhac)/b* B = -

The strains and stresses therefore can be expressed in terms of
0-c with the aid of Eqs. (11) and (13). The use of Eq. (15)
then determines crc :

jc = k(Ec'/2G)(r0/b)*(l/a) (18)
where Ec

f = Ec/(l - v<?) and a= [1 + (1 - 2v)n]/2(l - v);
fjL = Ec'h/2Gb reflects the strength of the elastic shell. Hence
the solution has been obtained for the elastic part of the
cylinder as given in column III of Table 1.

In the plastic region where Eq. (16) is valid, Eq. (9) can
be integrated easily :

ov = 2k Inr + C

The integration constant C is determined from the continuity
of ,0v at the elastic-plastic boundary :

C = M(n>2/&2) - 1] ~ 2/blnro - (h/b)ac

The relation between the axial strain ez and stresses is always
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Table 1 Solution to the ideal elastic-plastic cylinder

2G1L
k

2G«T,
k

PLASTIC PART

I INNER PLASTIC PART
asrsr.

p-r. RELATION

r,-r. RELATION

OUTER PLASTIC PART
r.irsr.

THE CONDITION UNDER WHICH THE INNER PLASTIC REGION
APPEARS BEFORE f. REACHES THE OUTER BOUNDRY

II ELASTIC PART

l + ( l - 2 l / ) M c' EC
2 ( 1 - I / ) i l-l>e*

. ,
ln P *

fJL k

* l ~ " ^"

elastic because the plastic component of the axial strain e/ =
0 even in the plastic region, since ez

p = 0 when the plastic
state of stress has been attained, and ez

p = 0 from Eq. (6).
Hence, the third of Eqs. (13) also is valid in the plastic re-
gion, and <TZ = v(ar + 0-0). The stresses in the plastic region
are shown in column II of Table 1.

The relation between the position of the elastic-plastic
boundary r0 and the internal pressure p is obtained from the
fact that crr at the inner surface (r = a) must be equal to p:

p/k = 1 + ln(r0A*)2 - [1 - (M

The first of Eqs. (3) written in the form

(19)

(20)

can be integrated for u after the expressions in column II
of Table 1 are substituted for ar and (TO:

«-? + G

where crc is given in Eq. (18). The integration constant D
is determined from the continuity of u at the elastic-plastic
boundary:

It now can be shown from the condition for the nonexistence
of real roots of Eq. (21) that if

Inp2< G*/«) (24)

where p = b/a, the inner plastic region never will appear.
Equation (24) shows that the existence of the elastic shell

produces the inner plastic region in thinner cylinders, in which,
without the elastic shell, it never would appear.

The stresses in the inner plastic region are the same as in
the outer region except for <rZy which now is equal to ere, as
shown in column I of Table 1.

The first two members of Eq. (20) can be used to determine
the displacement u:

D' , (1 - 2v)k
u=^ + ̂ T+^G'r

3
2

where the integration constant D' is obtained from continuity
of displacement at r = r\:

TV n . W . (1 -D' = (1 - ,) - +
*n*

The strains are obtained from Eqs. (11) and are shown in
column I of Table 1.

From differentiation of Eq. (19) with respect to time param-
eter, r0 can be proved to be positive if p > 0 :

L > 00 2k 1 - [1 - (M/<*)](roV&2)
Therefore, fi can be seen to be positive from differentiation
ofEq. (21)ifp>0:

fi = M(ri/r0) — [1 — (M/«)K?Vi/&2)} > 0
The differentiation of the stress in the inner plastic region

with respect to time parameter produces the stress rates

ffr = ae = <72 = -2fc(r0/r0){l - [1 - (M/a)](r0/6)2}

which, in turn, give the elastic strain rates

k(l - 2v)i

The strains obtained from Eqs. (11) are shown in column II
of Table 1.

Since 0 < v < 0.5, it can be shown that az is the inter-
mediate stress in the elastic region, whereas the stresses given
in column II of Table 1 are consistent with the assumption
Eq. (17) only for r > TI, where r^ is the solution of the trans-
cendental equation

^ + (1 - 2v) InCi)' + 1 = 0 (21)

<Tr is always the smallest stress.
Hence, Eq. (17) holds in the region n < r < r0 (referred to

as the outer plastic region), whereas the relation

is valid in the region a < r <
plastic region) as long as

ee
p

re = crz = crr (22)

(referred to as the inner

0 h > 0 (23)

with increasing internal pressure (p > 0).
The arguments used by Koiter in the original derivation2

of Eqs. (22) for the cylinder without elastic shell are valid
also when the cylinder has an elastic outside shell.

since

Hence

ee
E = (l/E)[ae - v(az

X

(- !)(?)>«
where e^ is computed from e# in column I of Table 1.

The solution for the inner plastic region given in column
I of Table 1 is correct, since the conditions in Eqs. (23) all
are satisfied.

Table 1 therefore shows the complete solution to the plane
strain problem of the elastic-plastic hollow cylinder with
elastic shell. In addition to the stresses and strains, the p ~
7*0 and n ~ ro relations, the condition under which the inner
plastic region will appear and the shell stress ac also are given
there.

It should be noted that for p = 0 the solution is identical
to the one given by Koiter, and the incompressible solution
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Fig. 1 Space distributions of stresses and the internal
pressure p and the shell stress <rc as function of r0/a

(v = 0.3, p = 3.0).

is obtained for v = 0.5, where the inner plastic region never
appears.

Numerical examples are given for various combinations
of Poisson ratio (v = 0.3 and 0.5), the strength of the elastic
shell (fi = Ec'h/2Gb = 0, 2.0, and 4.0), and the ratio between
the outer and the inner radius (p = b/a = 3.0).

The results are shown in Figs. 1-4, where the stresses and
the strains for the elastic-plastic boundary at the inner sur-
face, at quarter points of the thickness of the cylinder and
at the interface between the cylinder and shell, are plotted
against r/a (the space distributions of the stresses and the
strains), whereas the internal pressure p and the shell stress
crc are plotted against r0/a; values of p and ac are plotted as
the ordinate when the elastic-plastic boundary occupies the
position given by the abscissa. The solid circles indicate
the interface between the inner and the outer plastic region,
whereas open ones show the position of elastic-plastic bound-
aries.

The computation is carried out with the aid of a digital
computer IBM 1620 not because of mathematical difficulty
but because of the amount of computation involved and the
frequent necessity of obtaining roots of the transcendental
equations [Eqs. (19) and (21)].

3. Nonlinear Elastic Solution

In this section the hollow cylinder with isotropic stress-
strain relation given by Eqs. (7) and n = 1 is considered at
the critical instant when the inner surface starts to undergo
the critical strain. Then, the stresses and strains of the
ideal elastic-plastic cylinder at the same critical instant are

-LL=2.0-

\.

2 2.5
r/a, r0/a —

2 2.5
r/a, r0/a —r/a, r0/a —

Fig. 2 Space distributions of stresses and the internal
pressure p and the shell stress <rc as function of r0/a

(y = 0.5, p = 3.0).

r/a, r0/a —
1.5 2 2.5

r/a, r0/a-

Fig. 3 Space distributions of strains (v = 0.3, p = 3.0).

obtained from Table 1, and the difference between these two
solutions is illustrated by a numerical example.

Since incompressibility is assumed, it can be shown easily
that

= ed = -er = -er = A'/r2

and therefore

where A' is a constant and determined by the fact that / =
Icr Sit r = a at the critical instant

A' = a*Icr
l/2

Hence,

€0= -€r= Icrl/2 (tt/f)2

and, since/ = 7cr(a/r)4,

ov = -2[G - gIcr(a/rY}ICr11* (a/r)2 + a

(25)

= 2[G -
(26).

where a is the mean stress, a = o-kk/3.
When the square of both sides is taken, the second of Eqs.

(7) becomes

J = 4(G - (27)
It is postulated further that, as shown in Fig. 5, when /

reaches 7cr, / assumes a maximum that is written as &2 for
later comparison of the nonlinear elastic solution with the
ideal elastic-plastic solution:

a/1

Hence,

and

!„ = G/(3g)

fc* = if G\G/g] = (28)

Fig. 4 Space distributions
of strains (y — 0.5, p = 3.0). tiL 4
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Fig. 5 Nonlinear elastic re-
lation.

Fig. 6 Critical space distri-
bution of strains (JJL = 4.0,

p = 3.0, v = 0.5).

-J=4(G-glfl

———; Ideal elastic plastic

Fig. 7 Critical space dis-
tribution of stresses (jj, = 4.0,

p = 3.0, v = 0.5).

The strains [Eq. (25) ] now can be written in the form

2Gee/k = -2Ger/k = f(a/r)2 (29)

The use of Eq. (9) together with Eqs. (26) determines a
up to a constant, which in turn is determined by the boundary
conditions Eqs. (14) and (15):

The critical internal pressure is

P/k = f [1 - (1 -

(30)

- i + i(a/6)4] (31)

As an example, the strains and stresses are computed with
the aid of Eqs. (29) and (30) for the case where /z = 4.0 and
p = 3.0 and are shown in Figs. 6 and 7.

For comparison, the ideal elastic-plastic incompressible
cylinder with

s-. == 2G3ei-E (3")

is considered, where ft is a constant. It should be noted that
when 0 = 1.0 the slope of J-I relation, Eq. (27), at I = 0
is the same as that associated with Eq. (3"); as an example,
the ideal elastic-plastic relations with ft = 1.0 and /3 < 1.0
are shown schematically by (1) and (2), respectively, in Fig. 5.

Under the same criterion of failure, the position of the
elastic-plastic boundary for failure at r = a is

ro = (3/3/2) */2a (32)

Fig. 8 Critical internal pres-
sure as a function of j8

(M = 4.0, p = 3.0, v = 0.5).

The use of Eq. (32), together with replacement of G by G/3,
determines the strains and stresses from Table 1; the strains
are identical to Eq. (29), as expected.

The strains and stresses are computed for the same value
of M and p as for the nonlinear elastic solution and for /3 =
1.0 and 0.9, and they are shown in Figs. 6 and 7.

It appears that, for the specific values of ju and p chosen
here, there is little difference between the stresses in the ideal
elastic-plastic cylinder with ft = 1.0 and the nonlinear elastic
cylinder.

Figure 8 shows the critical pressure for the ideal elastic-
plastic cylinder compared with that of the nonlinear elastic
cylinder, Eq. (31). The ideal elastic-plastic cylinder with
jS = 1.0 gives a value that is about 4% above the value asso-
ciated with the nonlinear elastic cylinder.
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